Notes For Mathematics & Physics Undergraduates

ON TOPOLOGY

Rafid Hasan Dejrah

September 21, 2024







Introduction

1 Metric Spaces

Contents

1.1 Metric Spaces: (X,d) . . . . . . . . . . .
1.2 NOrms . . . . . o e e e e e e e e e
1.3 InnerProduct<,> . . . . . . . . e
1.4 Balls . . . . . e
1.5 Some Distance Functions . . . . . . . . . . . . . ... ...
1.6 Limits . . . . . . . e e
1.7  Some Examples of Matrices . . . . . . . . .. .. ...
2 Sets
2.1 0pen Sets . . . . . . e e e e
2.2 Closed Sets . . . . . . . e e e e e e
2.3 Elaborationon Sets . . . . . . . . . . . e e e
24 Continuity . . . . . . v i e e e e e
2.5 Related Concepts . . . . . . . . . e e
2.6 Compactness . . . . . . .. e e e e
2.7 Completeness . . . . . . . .. e
3 Topology
3.1 Topological Spaces . . . . . . . . . e e
3.2 Baseof Topology . . . . . . . . . . . e
3.3 Countablity: . . . . . . .. e

3.4 Baire Category

3.5 Connectedness
4 Exercises

Bibliography

ON TOPOLOGY

10
13
17

25
25
25
26
26
28

31

37

IT1






Introduction

In Einstein’s general relativity the structure of space can change but not its topology. Topology is the
property of something that doesn’t change when you bend. it or stretch it as long as you don’t break
anything.

Edward Witten

The syllabus for this course is usually decided by the department board (which are minimal for lec-
turing and maximal for examining). What is presented here contains some collection of some notes and
results of Topology course, for undergraduates, mostly Mathematics and Theoretical Physics students.
The last chapter contains exercises for practicing. Since it is presented this way, in my opinion, it would
not be fair to set as a book-work although they could appear as problems. Also, I want from now to
appreciate very much for contacting me about any corrections or possible improvements can be possi-

bly done.Theses notes are written in ISIEX and should be available in PDF format from my home page:

https://rafid-hasan.com/

ON TOPOLOGY


https://rafid-hasan.com/




Metric Spaces

1.1
METRIC SPACES: (X, d)

For a set. The metric space is a set X ans a function d called a distance function or a metric on X
such that:

[. d(x,y) 20Vx,ye X

2.d(x,9)=0 & x=y
d(x,y) = d(y,x),e.g..d(x, y) =|lx = yll = I(=D(y =0l = |y — x| = d(p, %)
4. Vd(x,y) < d(x,2)+d(z, y) x, 9,z € X Triangle Inequality

Eg.d(x,y) =lx =yl =l(x —2) + (z = Il < llx — zl[ + ||z = yll = d(x,2) +d(z, y)

w

1.2
NORMS

d: X xX — [0,0)
For a space. Il.Il is a Norm on Linear space - vector space if it satisfies the following conversions:
I ||x|]| = OVx € X
2. ||x|| =0 & x=0
3. Vxex Yaec |42 = |A]|]x]
4. Vyexlle+ yll < Izl + 1yl
Note: A norm II.Il defines a metric by: d(x,y) = lIx-yll

VECTOR SPACE

A vector space over C or R where (X, +, .,6, C)
/. Vx+yeXx,yeX
2 Viex Vieccdx € X
3.C20x=0€eX
4. Mx+y)=Ax+ 1y

5. x+y+z=(X+y)+ z=x + (y+2)
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Metric Spaces

1.3
INNER PRODUCT <, >

On a Complex/ Real a linear space X is a metric< , > X X X — C or R, such that:
/. <x,x>>0,<x,x>=0  x=0
2. <X, y+z> = <X,y> + <X,7>
Jo<x,y>=< 9,5 >
4

L <xAy>=A<x,y>

<lx,y>:<y,lx>:2<y,x>:i<y,x>:i<x,y>

NOTES:

* <, >define Il by: ||x|| = V< x,x >
o+ 17 = 20|21 + 2] |17

© <x,y>*<<x,x>.<y,y > Schwartz Inequality

EXAMPLES ON INNER PRODUCT:

°x,y€R”
<X,y >=20 X Y
X = (X150 X)
Y =(Y15 0 Yn)
X,y €R
cx,y€eC”
<Xy>= QX i
(x/y) = <A.x, y> A positive defined metric for every bi-linear

Since A is positive defined &= < 4.x, y >> 0

NOTES:

* For the symmetry and permetation 4 = A7 ,and 4 = (47)T

e For A defined as 2 X 2 matrix:

A1 0
T _ 1
par=(h 0]
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Some Distance Functions 1.5

x € R”,||.||» is a norm defined of +oc0 > p > 1:

lxllp = (D 1+1?)
i=n

[|x]|2 = x12+...+x,%

11 = 1] + [x2] + ... + [
|| = crlxr] + calxa] + ... + €20

Note: If ||.||’, ||, || are norms on R” T ar>0Vxerr in || x| < [|x||” < M .|| x]]

1.4
BALLS

OPEN BALLS:

An open ball B(x,r) with center x and radius r in a metric space (X,d) is the set:
B(x,r)={yeX :d(x,y) <r}

CLOSE BALLS:

A close ball B(x,r) with center x and radius r in a metric space (X, d) is the set:
B(x,r)={y € X :d(x,r) <r}, and we denote it: B(x, y)

Examples:

R? and B((0,0),1) :

[lx|] <1 < x12+x§ <1

llxli <1 & |x[+]yl <1

llx|leo = max{|x|,|y]} <1 & |x|<1land|y|<1.If x,y>0 = x<landy<1

1.5
SOME DISTANCE FUNCTIONS

X,y € Rz) X = (xla xZ)J Y= ()’1; )’2)

RIVER DISTANCE FUNCTION:

0 ifx=y
dr(x, y) = ,
R(x )’) {|x2|+|y2|+|x1—y1| zfx;ty
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Metric Spaces

RATLWAY DISTANCE FUNCTION:

y 0 ifx=y
AN ZN Rede Re R ifxy

Note: The square root inside the Railway distance function is optional, and merely written for more

accuracy.

NOTE ON SCHWARTZ INEQUALITY:
Schwartz inequality is given in the form: < x, y ><<x,x > . < y,y >

1,1 _
ptg=1

has = (317) " 32
<x,y >< ||x||p-llyll4

1.6
LIMITS

(X,b) is a metric space. We say that x € X is the limit of a sequence {x,}, {x1, x2, x3, ...} if:

lim d(x1,x,) =0
n—oo
then we write x,, — x as z — oo.
the limit provided here can be interpreted this way: V.~03nV,>nd(x1, X,) < €.
PROPOSITION:

If x, » xasn — coand x, — yasn — cothenx =y.

LEMMA:

If x # y then there exists €1, 2 > 0 such that B(x, e1) N B(y,€) = ¢
Proof.

Let there be two different balls with centers x and y and diameters €| 2nd ¢, respectively, and let

€] = €.
Let ¢ = w Suppose that z € B(x,e1) N B(y,e) then d(z,x) < e. But then, from triangle
inequality:

d(x,y) <d(x,2)+d(z,y) <2 = %d(x, y). Sod(x,y) =0, and then x =y.

4 NOTES FOR MATHEMATICS & PHYSICS UNDERGRADUATES



Some Examples of Matrices 1.7

Suppose that x # y and x, — x let e = %d(x, y) > 0 then: 3y V,sn d(x,,x) < %d(x, y) and
Xp = ).

1

But then 3n V> v %, € B(x, 3d(x, y)) N B(x, %d(x, y)) which is impossible for x # y

Q.E.D.

1.7
SOME EXAMPLES OF MATRICES

/. X =R

d(x,y) = Ix-yl
2. X s any set.

d(x>)’):{(1) z:fx:)’

It is called Discrete Metric. Let x, y,z € X if x # y then either z # x or 2 # y, so by triangle

inequality:

d(x,y)=1<d(x,2)+d(y,z).

Ifx=y;d(x,y) =0 < d(x,2)+d(z, y),butd(x,2)+d(z, y) = Obecause d : X xX — [0, +c0)
3. Let (X, d,) and (Y, d,) be a metric spaces, then:

Aoy (21, 91)s5 (%2, 32)) = \/(dx(xl,xg))z +(dy(y1, y2))? is ametrix on X — ¥ Cartesian
4. Let (X,d) be a metric space. Then:
di(x, y) = min{l,d(x, y)} <1 always is a metric on X
cdi(x,9)=0 & d(x,79)0 & x=y
© di(x,y) =di(y,x)
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Metric Spaces

ELABORATION:

Let x # y, consider z € X:
/. +d(z,x)>1 and d(z,y) >1
*d(z,x)>1 and d(z,y) <1
di(y,2) =di(x,2) =1,butdi(x,y) <1< z=di(x,2)+di1(y,2)
2. e+ d(z,x)>1 and d(z,9) <1
*d(z,x)>1 and d(z,7) <1
di(x,y) <1< 1+di(z,9) =di(z,x) +di(z, )
3. cd(z,x)<1 and d(z,y) <1
di(x,y) 21, d(z,x) <1 d(zy) <1
di(x,y)=1<d(x,y) <d(x,2)+d(y,2) =di(x,2) +di(y, 2)
© di(x,y) =d(x,y)
di(x,y) =d(x,y) ,di(x,2)d(x,2) ,and d(y,2) =d(y,z)

NOTES:

¢ In topology we don’t care about big values, small numbers and neighbourhoods are important.

* The main goal of the previous examples is to show how to produce metric for a metric.

NOTES FOR MATHEMATICS & PHYSICS UNDERGRADUATES
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Sets

2.1
OPEN SETS

We say that a set 4 C X is openif: V,c 43, 50 B(x,7y) C 4.

In (R, ][.]]) = d(x, y) = |x — y| (0,1] is not open because
1€ (o,1],butVes, B(l,e) = (1 —¢,1+¢€) ¢ (0, 1] on the other hand (0,1) is open.
A set G is not open, if: Jyeg V50 Jiepx,n2 € G

2.2
CLOSED SETS

We say that a set C C X is closed if X \ C is open.
Veex\c >0 B(x, 7)) c X\ C.
X\C={xeX:x¢C}

A set F' C X is not closed if X \ F is not open, if:

3xeX\F V>0 3zeB(x,V) z2¢X \ F = erX\F V50 3zeB(x,r) z€F.

ALTERNATIVE DEFINITION:

Let (X,d) be a metric space and let ' C X. We say that the set F is closed if X \ F is an open set.

The following statement holds: F is closed if and only if all sequences x, of points of the set F such

that x,, — x for some x € X, we have x € F. In other words, the set F is closed if and only if every

convergent sequence of points of F is convergent to a point of F.
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Sets

2.3
ELABORATION ON SETS

Take a set C is closed, and x € X if and only if for every sequence {x,} C C such that x,, — x.
C is closed the sequence converges.
If C is not closed then: 3,cx\c V%>0 ElzneB(x’%) 2,€Cir= % (*)
Indeed, Ves0 3N Vs v d(, 2,) < € because ¥ take 7 < € then from (¥)
2, € B(x, %) for all n
2, € B(x,¢) foralln >N
z1 € B(x,1)
2 € B(x, 1)
z, € B(x, %) V>N 2, € B(x, %)
Then let X be closed.
Letx, - x € X.
Suppose that x ¢ X, we will show that it is impossible.
Thex e X\ C but X \ C isopenso 3, .0B(x,7,) C X \C. Butx, — x means that:
AN VusnN d(x,,x) < 7y, S0€.2., XcsN+1 € B(x,7:) € X \ C which is a contradiction.
Notes:

* Let{x,} € C,x, > x : Ves0 AN VN d(x0,x) < €,%, € B(x,¢€)

* If the set is not closed then the limit is not in my set.

2.4
CONTINUITY

Let (X, d), (Y, p) be metric spaces. We say that a function f : (X,d) — (Y, p) is continuous at
x. € X if:

Ves0 ps0 d(x,x%0) <0 = p(f(x),f(x0)) <e. (%)
Then, /' : (X,d) — (Y, p) is continuous at xp € X if and only if x, — x9 = [(x,) = f(x0)

DEFINITION:

f:(X,d) — (Y, p) is continuous if it is continuous at every x € X.
Proof.
— X — X0 V6|>0 3]\11 Vn>N1 d(xm xO) <€ (1)

We want to show that V..o In V.- v p(f (%), f (x0)) < €.
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Continuity 2.4

Let ¢ > 0 then 0 > O such that (*) holds. Then for this 9 from (1) we let 3n;, V>N, d (x4, X0) < 9 SO
Vs Ny from (%) p(f (%), f (x0)) < €.

Because we can do all the above for any € > 0, we get V-0 3n, Vs p(f (%), f(x0)) < €.

& Suppose that (*) doesn’t hold; i.e., .50 V350 3y, d(xe, x0) < 9 and p(f (x¢), [ (x0)) > €.

We will find x,, — x¢ such that (x,) -+ f(xp).

Take ¢ > 0 as above for 9, = % We get x,, : d(x,,x0) < % and p(f (x,),f (x0)) = €. {x,}isa
sequence, x, — x, but f(x,) - f(xo) because p(f (x,), f (x0)) = €.

Q.E.D.

Note: it is easier to define an open set than a metric space. But open sets are not local, so we will need

a neighbourhood.

DEFINITION: On Metric Spaces

f:(X,d) — (Y, p) is continuous if it is continuous at every x € X.

The function / : (X, d) — (Y, p) is continuous at xy if and only if for every open set U in (Y, p) such
that £ (xp) € U. And £~1(U) is an open set in (X,d) contains an open set W in (X,d) such that x € W
Proof.

Suppose that F is continuous at xp. Let /(xg) € U, U - open setin (Y, p).

Then there is B(f (xo), €) € U. From (¥) we get B(xp, ) such that:

f (B(x0,9)) € B(f (x0),€) c U.

W i= B(x0,9) € F~ (B(f (x0), 6)) € £1(U).

Suppose that for every open set U in (Y, p) such that f (xg) € U. There exists an open set W in (X,d)
such that xg € W, and f (W) c U.

We will show that f is continuous at x

Let ¢ > Otake B(f (xp), €) = U. Then there exists open set W such that xo € /%" and /() c U. But
since W is open and xy € W There is B(xo,d) c W for some o > 0. But then:

F(B(x0,8)) € FUV) € U = B(f (x0), €).

Suppose that F is continuous at every xg € X. We will show that for every U open in (Y, p), f L)
is open in (X,d).

Let U be open in (Y, p), let f(xg) € U. Otherwise f‘l (U) = ¢ is open. For some x, there is an open
set Way, x € Wy, Wy, € FHU). F7HU) = Uvef-1(1) Wi s0 open at whole of open set.
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Sets

For every open U f U)iso pen = f1is continuous everywhere.

Let xo € X take any open U such that £ (xp) € U then f~!(U) is open and xp € f~'(U) because

£ (x0) € U 50, 3350 B(x0,d) € £~ 1(U), £(B(x0,9)) C U in particular we can take U = B(f (x0), 9)
to get (*)

Q.E.D.

NOTE RELATED TO THE PROOF:
U)W = UsfFW)
¢ Pre-image: forasetU c Y. f7(U)c X = fY(U)={xeX:f(x)eU}

* The union of all sets in this proof gives us a pre-image.

EXAMPLES OF METRIC SPACES:
Let (X, d), (Y, p) - metric spaces.
C(X,Y) - set of continuous functions / : X — Y, then: o (f, g) = sup, .y p(f (x), g(x)) is a metric if:
e diam(Y,p) <+co or
* (X, d)is compact. or
¢ Instead of C(X,Y) and consider B(X,Y) a set of bounded functions.

Note: The distance between two bounded sets is bounded.

2.5
RELATED CONCEPTS

BOUNDED SETS:
Let (A,d) - metric space.
The diameter of the set A is: diam(A,d) = supx,),eAd(x, y). If diam(A,d) < +oco then we say that
Aisbounded. & Fiw>ar>0Vx,ye4 d(x,y) <M

SuUP:

Let B C R the sup,.zx is either +co or a number M such that:

* Vyiepx < M Best possible number.

* Ves0 deepx > M — € To cover itself.

x € (0,1) 1 sup,e(oyx = 1.
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Related Concepts 2.5

There is another concept called: infimum 77nf.cpx which has the same but the opposite properties

and logic of sup.

NOTE:

* Afunction / : x — (Y, p) is bounded if diam (Y, p) < +co.
e Aisbounded if diam(A) < +oo, and diam(A) = supxyyeAd(x, y) if diam(A) < +oco, then:
* Vayead(x, y) < diam(A).
* Ves0 Ix,yeca d (e, ye) > diam(A) — €. Taking € = % we get a sequence of pairs (x,, y,).
diam(A) — % < d(xp, yp) < diam(A)

SOME PROPERTIES:

Veex p(f (1), g(#)) < p(F (), h(x)) + p(h(x), ()
SUp,ex p(f (%), () < supyex (p(F (), b)) + p(h(x), g ()
< SUpex P(f (1), () + Sup,ex p(h(x), ¢())

For any functions F, G and any set B:
sup,ep(F(x) + G(x)) < sup,pF(x) +sup,.pG(x)
Ve F(x) + G(x) < sup,cpf(x) +sup,pG(x)

NOTES:

e if @ is such that V,cpx < u then sup,.gx < M which is a contradiction.

* f,g: [0, 1] — R, continuous:

I a(f, g) = maxye[o,1lf (x).g(x)]
1
2 o(f,g) = I 1F(x).g(x)ldz
EXAMPLES:
* Letx € X. Aset A C X is bounded if and only if there exists R > 0 such that 4 C B(x, R).
* Let 4 Cc X. Forall x € X the distance from x to A is: dist(x, A) = inf,e4d(x, y)
INTERIOR:

* Let 4 c X. We say that x € A4 is a point of interior of A if 3,.9 B(x,7) C A. Int(A) C A.
¢ Int(A) is open for any, but Int(A) might be ¢ for some A, and ¢ is not open.
* B(x,r) C Int(A)

ON TOPOLOGY 11
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Sets

CLOSURE:

* For a set A ¢ X we define the closure of A, denoted by A or CI(A) or d(A), and the set of
closure points of A where x € X is a closure point of A if: V¢ Jyea d(y,x) < e
Veso B(x,€) N A # ¢.

* The closure of A is the set of all limits of all {x,} where x,, € 4.

Aisclosed & A= 4.

* Aisopen < A =Int(A).

CLUSTER:

X is an accumulation point or a cluster point of A if: V.-¢ Ty, yed d(x, y) < e. We write then x € A2,
Let A ¢ X. We say that xy € X is a cluster point of A if there exists a sequence x,, such that:

(x,) C A, VY yen x, # x0, and x,, — x9. We denote by A% the set of all cluster points of A.

For a set 4 C X we define its closure A by the formula: 4 = AU A4

DENSITY:

Aset 4 C X is Dense in X if 4 = X because everything is limit.
A set A in X is Nowhere Dense if /7¢(A) = ¢

NOTES:

X\Int(d)=x  Cl(x\ 4=x)

For ¢ we cannot find a ball so something from beyond the set, so a hole in every ball.
X\ Int(A) =Cl(X\ A

Int(X\A) =X \Cl(A)

A=X\(X\4)

EXAMPLE:

Let (X,d) - metric space.

y € X. Prove that the function f(x) = d(x,y) is continuous. f : (X,d) — (R.|.|).
Solution:

f is continuous if V.0 3y. d(x,x0) <9 = |f(x) — f(x0)| <€

| (x) = (x0)| = |d(x, y) = d(x0, y)|

d(x, y) < d(x,x0) +d(x0, y)

12 NOTES FOR MATHEMATICS & PHYSICS UNDERGRADUATES



Compactness 2.6

d(xa }’) - d(.X'(), )’) < d(xa .X'()) (1)
d(x0, y) — d(x, y) < d(x,x0) (2)

d(x0, y) < d(x0,x) +d(x, y) {
—(d(x, y) — d(x0, y)) < d(x,x0) (3)
—d(x,x0) < d(x,y) —d(x0,7) (4)
From (1) and (4) V., vex |d(x, y) — d(x, x0) < d(x,x0) (¥).
Let e > 0. We set ¢ = . Then if d(x, xp) < J from (*) we get |f (x) — f(x0)| < d(x,x0) < 0 = €.
Another way:
Show that if x,, — x then f'(x,) — f(x).
Let x, — x. Then d(x,,x) — 0. f(x,) — [ (x0)| < d(x,,x0) — 050 f(x,) = [ (x0).

2.6
COMPACTNESS

COMPACT SET:

A set A C X is compact if for every family of open sets U, in X such that 4 c |, U, cover it there
exists a finite subfamily {U,,, ..., Uy, } such that 4 C Uf\:[ L Us,.

Example: (0,1) is not compact, such that it can be written in the form: U;":l(%, 1- %) =(0,1)

SEQUENTIALLY COMPACT SETS:

(X,d) is a metric space.
A set A ¢ X is compact, more preferncy sequentially compact if for every sequence {x,} C A there

is a suequence {x,, } of {x,} such that x,, — x forx € 4 as k — co.

LEMMA:

A compact set A is bounded and closed.

Proof.

We will prove that A is closed.

Let {x,} C 4, x, — x.

We will show that x € 4. But from the definition of Sequentially Compact Sets there is x,, — Xo. SO

x € A. compactness means convergence.

Ais bounded &= A4 c B(y, R), for some y € X,R > 0.

ON TOPOLOGY 13
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By contradiction:

Suppose that A is compact and not bounded.

Let y € X, take n € N then Ve 3y,cq %, € B(y,d(y, %p41) + 1).

Let xg € A. x, has k convergent subsequence.

If x,, = x,then Vo033, Vysap d (%5, x) < e. In particular, Vo0 3 d(x,,, x) < € and d(x,,41, %) < €.
A(Xppy Xnpr1 < A(Ky, X) + d (%, Xy 41) < 2e.

So, if x, — x then Ves0 3 d (x4, Xnye1) < 2€.

But in the sequence {x,} we have d(X,+1, %,) geql = V., d(%p, %) = | —m| > 1.

Xy € B(x,d (%0, 9)). %na1 & B(y,d(, %) +1).

d(%n415 y) > d(%0, ).

A(Xpe1, y) > d(y, x,) + 1.

Ay, %nr1) < (9, %) + d(%041, %) = d(%p11,%) 2 d(y,%001) — d(y,%,) > 30r > 1. Because
A(y, %n01) 2 d(§5%) 5 w1 & B(y, d(9, %) +1).

Q.E.D.

Another proof that a compact set A is bounded:
Forant y € X. X =, , B(y,n). So in particular, 4 C J;" | B(y, 7). From definition of Compact
Sets, A C Ué\il B(y,ny) for some {n;}, But then 4 C B(y, max{n;}).

Q.E.D.

THEOREM:

If A is compact then it is sequentially compact.

Proof.

Let {x,} C A be a sequence. Suppose that {x,,} has k convergent subsequence.
Then Ve 4 35(x)>0 IN(x) VrzN(x) %n € B(x,9(x)).

A= Uyea(®} € Usey B(x,3(x)).

From the definition of Compact Sets: A = U?;I By, 9(9))-

set N'=maxi<;j<prN(y;). Since N > N(y;),Yi<j<m xn € B(y,9(/)).
So xn ¢ U?’il B(y;,d(y;)) > 4 soxn & A which is a contrdiction.

Q.E.D.

14 NOTES FOR MATHEMATICS & PHYSICS UNDERGRADUATES



Compactness 2.6

LEMMA:

Suppose that A is sequentially compact, and a set A is covered by |, U, for some open sets {U,}.
Then there exists & > 0 such that for every x € A4 there exists «(x) such that B(x,0) C Up,(y). 9 is
called Lebesgue’s number of the cover {U, }.

Proof.

The contradiction of 3350 Ve a(x) B(%,8) C Uy is: Vi_yoo 3w, Va B(x, 1) ¢ UL

Suppose that 4 c |, U,, but there is no & > 0 such thathxeA B(x,9) C Uy(x). Then foreach n > 1
we can find x,, such that ¥V, 5 (x, %) ¢ U,. (*).

From Sequential Compacess, there is a subsequence x,, — y € 4.

Since y € A4, there is U[g such that y € Uﬁ Since % is open, 3¢50 B(y,€) C Uﬂ

Now let J be such that z; > % and d(x,,, y) < 5 using triangle inequality.

B (%), %) C B(xn,, 2 C B(x, €), which contradicts(*).

x € B(x,,,5) = d(x,x,,) < 5.

But then: d(y,x) < d(x,%,,) +d(xy;,y) <5+5=¢

Q.E.D.

LEMMA:

(X,d), (Y, p) are metric spaces.

If K is a compact set, K ¢ X, f : X — Y is continuous then f(K) is compact.

Proof.

Let {U,} be a family of open sets, such that /(K) c |, U,. Then f ~1(U,) are open sets such that
K cU,f ~1(U,). From compactness of k: there is a finite subfamily {f -1 (U,xj)}jyz T

FK) € FIUL 1 (Us)) € UL F(FH(U) € UL, U
Q.E.D.

Note: f(ANB) # f(A) Nf(B)

COROLLARY:

If K - compact set.
f - contentious. f : K — R

Then f attain min,f and max,f, i.e., 3y, vex [ (x1) = mingexf (%), f(x2) = maxyexf (x).

f(K) is compact, so it is bounded and closed.
f(k) Cla,b]so3prVer f(x) < M;sup,cxf(x) <M.
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Proof.
f(K) c Ris compact so sup,c.f (x) < M soV, Iy,cx M > [(x,) > M — %
f (x,) is increasing for » € R but f(x) is closed so 2 € f(x) so f(x,) — f(x) = maxyex [ (x).

sup can be used as well.

Q.E.D.
Another proof. K is sequentially compact. ¥, 3, sup,.c g f (x) — % < f(xp)n < supyepf(x).
{x,,} subsequence of {x,}; x,, = x €; f(x,,) — [ (x) because of continuity.
Q.E.D.
EXAMPLE:
Let 4,6 € R.

[4, b] is compact in R with usual distance d(x, y) = |x — y| Bolzano—Weierstrass theorem.

Proof.

{x,} C |a,b]. Let ay = a, by = b. For n > 1 we devide [ay, bo] in half obtaining [z,, b,] in which
there is infinitly many elements of {x,}.

For any £ € N pick any x,, € [y, b,].

{x,} is a sequence of {x,,} is a sequence of {x,} and we have & > 4, is increasing while 2 < by is
decreasing = 4; < x,, < b, = convergent. Or we can write it this way: @ < x,,, < byandz = b

because |y, — a;| = zl’e S0 x,, — x € [0, 1].

Q.E.D.
LEMMA:
If K is a compact set, C ¢ K, and C is closed then C is conpact.
Proof.
{x,} € C asequence such that x,,, — x € K, but since {x,,} C C, we have x € C.
Q.E.D.

LEMMA:

Let K be a compact set. For every ¢ > 0 there is N € N and {x1, ..., xx} C K such that
K c UY, B(xs,e).
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Proof.

Take an open cover K C |J,.cx B(x, ¢) and find a finite subfamily {B(x;, €), x; € {1, ..., N }}.

Q.E.D

NOTES:

* The image of a compact set is compact.

* Every closed ad bounded set in R” with Euclidean metric or Equivalent to it is compact.

2.7
COMPLETENESS

DEFINITION:

A sequence {x,} in a metric space (X,d) is a Cauchy Sequence if:
Ves0 ANen VaumsN d (X, x) < €, equivalently: Vs Inen V-0 d (x4, Xm) < €.

(%5 Xm) < A(x,, xN) +d(xN, x,) < €+€ < 2e.

COMPLETE SET:

A metric space is complete if every Cauchy sequence in this space is convergent; has a limit which
belongs to this space.

Example:

R is complete with d(x, y) = |x — y|, but R O Q is not complete ¢, — V2, Q is dense in R.

Proof.

If {x,} is a Cauchy sequence: V-0 In Vs N d(xy,xn) < € (%)

— V,-n %X, € B(xn,€) C E(xN, €), which is closed, and a ball is bounded set. In R it is acutally
[xN —€, xN + €] Bolzano—Weierstrass theorem — [xxn —¢€, xn +¢€] is compact D {x, },~ N so there is
a subsequence {x,,}, X,, = %« € [xn — €, xn + €] C R. If a Cauchy sequence {x,} has a convergent
subsequence {x7;}, x,, — X then x, — Xe.

Ves0 AN Vamd(Xn, Xm) < €, Xp, = Koo = Ves0 Ik Vier d(%n,, Xo0) < €, let € > 0:

Let Ny : Voon, d(x028) £ 5. (D)

Let No @ Vs nyd (%) X0) < 5. (2)

Then, N = max{Ny, nn,}; Vs d(Xeos %) < A(Xoo, XN) + A(XN, Xm) < §+ 5 = € 50 Ko i the limit
of {x,}.
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From (*) every Cauchy sequence {x,} is bounded because V.o In{x,} = {x1, ..., N} C {¥N+15...}

(o)

and {xn+1,...} C B(xn,€). {xn}, C B(x,, max{e, max;—(1,. nyd(xn,x7) + 1}).

Q.E.D.

BOUNDED CONTINUITY:

A function /' : (X, d) — (Y, p) is bounded if:

Jreys,rp>0 Vanx [(x) € B(yp, Ry).

For f,g bounded functions, ¢ (f, ¢) < +co because:

Veex p(f (%), £(x)) < p(F(x), 77) + p(3F> 7g) + (%), 7¢) < Rp+d(yr, yg) + Ry
Example:

f(x) = x", f,(x) = 0asn — o0, Ve[o,1), 2 (1) = 1 so it does not go uniformly to zero.

THEOREM:

Let (X,d) be a compact metric space; let (¥, p) be a complete metric space. Then the space (C (X,Y), a)
of bounded continuous functions from (X, d) to (Y, p) with the distance function:

a(f,g) =sup,ex(f(x), g(x)) is complete.

Proof.

Let {f,} be a Cauchy sequence in (C(X, Y), 0').

Ves0 AN VomsN (s [n) < € = supyexp(fn(%), fm(x)) < €, and o(f,,f) — 0O because:
Ves0 AN Vams N Vaex p(fu (%), fn(x)) < €,m — 00 = Ves0 AN Vas N Vaex p(f (%), foo (%)) < €.
Ves0 3N Vams NVsex p(f (%), f(x)) < €, 50 Viex{f»(x)} is a Cauchy sequence, since (Y, p) is com-
plete, Viex/fz(x) — fo(x), we can define a function fo (x) such that /o (x) = /oo (), we will show that
foo € C(X,Y), is continuous that: V503550d(x, y) <9 = p(feo(®), foa()) < €.

Let € > 03NY >N (frs fn) < §-

Let 0 > Osuchthatd(x, y) <9 = p(fn(x),fn(y) < 5.

Let n> N be such that p(fi(x), /(%)) < £, and p(fe(y), f2(y)) < 5, considering that N is big enough
we have:

P(foo(%)5 foo (9)) S p(foo (%) (D) +p(fu(%)5 [ (D) +p(fiv (%), I (D)) +p (N ()5 fa 9D+ (Fu(9)5 foo (1))

< % + g + g + g + % = ¢, and this shows the completeness.

Q.E.D.
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Note: Compactness is stronger than completeness, because a compact set is v=bounded and
fy(x) = d(y,x) and compact = continuous, but for a complete set it is not necessarily continuous,
and not always bounded like R unless the balls have a cover = bounded = complete, and we

need a boundary.

LEMMA:

(X,d) is a complete metric space.

A compact metric space, i.e., every sequence {x,} has a convergent subsequence.

Proof.

Let {x,} be a Cauchy sequence. Then in compact space there is a sequence x,, — X € X but then
X, — X, from this step you can look to a similar proof mentioned before in the previous topics, which
is related to that R is complete, and the closed interval [ | in R is compact. For more details think if

there is something is locally compact...

EXERCISE:

If for every ball B(x,r) in (X,d) there exists a compact set Cp(,,) C X such that B(x,r) C Xp(,,,) then
(X,d) is complete.

(x1,%2) €R

(x1, %2, x3) € R

(x1, 22, X3, ...) € R® - sequence

(1,2,...) ¢ & - not bounded

Solution:

There are spaces where B(x, ») is not compact, for example: E* is a space of sequences

{x,}, Vx,%, € R such that sup,,.y|x,| < +oco bounded, not big, with the distance function:

A({5,}, {yn}) = SUp eyl = . then take:

{x(V} = (1,0,..)

{x®?} =(0,1,0,...)

{x®} =(0,0,1,0,...)

Then {x”} has no convergent subsequence because V¥, d({x" {x"}) = 1, but actually E is
complete, see proof of completeness of C(X,R) N B(x, R), continuous and bounded real valued func-

tions.
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Notes on the proof.

* Set of continuous functions from X — Y,
* This is a complete space with distance function p(f, ¢) = sup,.ydy (f(x), g(x)).

¢ Set of bounded functions from X — Y.

CONTRACTION:

Let (X,d) be a metric space, a function / : X — X is called a contraction if there exists M > 1 such
that Vx,},eXd(f(x), f(y) <M.d(x,y) ().

We will write: £2(x) = £(f(x))

1 (x) = f7 1 (f(x)) etc.

The main question is as we go more and more in functions does that implies the following:

d(f"(x),f"(y)) — 0? In fact there is an entire theorem Related to it.

d(f (), £2(x)) < d(f?(x), [ (x)).

BANACH CONTRACTION PRINCIPLE:

Let (X,d) be a metric space.
Letf : X — X be a contraction.
Then there exists a unique xp € X such that:
* Viex lim,_,o /7 (x) = xp.
. f (x0) = x0, as the contraction goes more and more xy becomes the fixed point of f.
Proof.
Let x € X, we will show that {f”(x)} is a Cauchy sequence.
Letn>m, d(f"(x), [ (x)) = d(f*7" (f"(x)), f"(x)).
Let’s look at a,’(fk(x), x) < d(f(x), )+d(f (F(x)), F()+F (F(x)), ;”2(30))+...+d(f(fk‘1 (x)), fk‘l (x)).
d(f*(x), %) < d(f(x),%) + d(F(F (), f (%) + dFF ), f2(x) + d(F3(F(20), (%)) + .. +
A1 FE) ) @)
d(f*(x), f2(9) = d(F(f (), F(F () < M.dA(f(x),f () < M*.d(x, )
= d(f"(x),["(y) < M".d(x,y)  (*%)
A(f" (), f*(0)) = d(F (F1 @), £ 0)) < Md(f (), [ () < MM d(x, ).
From (*), and by using (*%*):
d(f*(x), x) < d(f(x), x) + M.d(f (x), x) + M2A(f (x), %) + ... + MF1d(f (%), %) =
= d(f(x),x).(1+ M+ M?+ ...+ MF1)  (#5%)
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From (*#%) and denoting: k = m-n, x = fk(x):
dA(f™(x), F™(x)) < d(F(F™(x)), [ (x).(1+ M + M?* + ...+ M*7"7 1) =
=d(f™(f (%), f™(x).(1+ M + M?+ ...+ ML)
By (*%) < M™d(f (x),%).(1+ M + M?* + ...+ M"Y < d(f(x),x).M" .
Notice that: },°° ( M* = #M

Vs md(f7(x), f7 (%)) < d(f (x),x).M™ .+ M and as m — oo, M < 1 for every ¢ > 0 we can take N
such that 4(f (x), x).Mm.— < ¢, then:

VamsNd(f"(x), [ (x)) < d(f(x),x).M™. LM < d(f(x),x). MN 1 < €.s0{f”(x)}is aCauchy
sequence.
Q.E.D.
LEMMA:

(X,d) 1s complete so f "(x) = xe € X, notice that both sides does not depend on each other and
f*(x) is a Cauchy sequence. We will show that £ (Xe) = Xco.

Proof.

From (¥), also we have that f is continuous, and so is /7, so

f (%) = F(limy—eo £ (%)) by continuity = lim,_,eo £ (£ (x)) = lim,—e0 f*1(x) =

= 1lim, e [ (X) = Xoo.

X 18 the unique fixed point of {, i.e., if f(x) = x and f(y) =y, then x =y.

If x # y, f(x) =x, f(y) y then d(f (x),f (y)) < M.d(x, y) < d(x, y) which is contradiction. .

APPLICATION OF FIXED POINT:

We look for solutions of Ordinary Differential Equations (ODE):

x'(¢) = dx([) = ¢(x(¢)) giseven
x(0) = xo initial condition

Proof.

Since x(z) = x(0) + /Ot x’(s)ds, the solution would be x(#) = xo + fot g(x(s))ds.

If x(¢) = %0 + [ g(x(s))ds and x(0) = x then «’(2) = g(x(£)), and £ (x)(£) = x0 + [, g(x(s))ds

if f(x) = x then X is a solution of the ODE.

Consider a space Cy([0, €], R) of continuous functions y on [0, ] with values in R such that y(0) = yp

with distance function: p(x, y) = max,e[o,¢1|x(z) — y(2)|
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We have the following questions in mind:

* [o, €] is compact, but is it complete?

e Canf :x(z) = xo+ fot g(x(s))ds be a contraction on the space Cy([0, €], R)?

P(F (), F(9)) = maxeeqo. %0+ [ g(x(s)ds —x0 = [ g(¥(s))ds| <

< maxejonl [ (g(x(9) = g(y(s))ds| < maxeioe fi 1g((5)) = g(3(s))lds <

< Max;e[o,e] /OtM.lx(J) — y(s)|ds < /()EM.p(x, y)ds < M.e.p(x, y) and M.e < 1.

The last step was based on the following:

Suppose that ¢ € C(R,R) i.e., g’ exists and is continuous, then:

Vaser Jeetap) 1€(a) = g(B)] < g(0).1a = b] < max,epl g/ ().l - bl.

Let us assume that there exists M > 0 sucht that: max,cr|g’(¢c) < M, e.g., M is Lipschitz and small

enough.

Q.E.D.

Another Way:

x(2) = xp + fot f(x(5))ds = goes always to this space, M, Cy, ([—¢, €], [-M + xo, x0 + M]) while
Ci is local Lipschitz, Cy, is a closed subset of all continuous functions, if it is complete

= [(0) =x =0.

f([=M + x0, x0 + M]) € [N, Na]

f' (=M + xo, x0 + M) C [-Na, N3], which are both bounded on some interval.

(1) = xo + [ f(x())ds (%),

|xo + Ni.€| < |xo+ M|, € < %, and e N, <1 = € < NL], to make sure that the map (*) is a
contraction.

lx(2) = y(2)| < /06 If (x(5)) = f(y(s))lds < Na.e|x(z) — y(¢)] <1 = contraction.

Note: |x( + /Ot f(x(s))ds| < |ty + eNj|, and we can substitue xg = 0.

EXAMPLE:

R:x — yx.x € [0,+0) = +/x € [J,+00), d > 0.

|Vx — [yl is there M = VX — )| < M |x - y|?

f(x) =+xf'(x) = ﬁif\/? > Ve = fl(x) = ﬁ < 2, s0if x € [9,+o0)then £ (x) < 2#\/5, SO
|V§—ﬁ|£ﬁ|x—y|,whenﬁ<l = \/§>% = 9
Vi=1 = £(x) = +/x is a contraction.

Vye[§+e,+w) f*(y) = )’zn

% = Vs om [%r + €, +00).
— 1 asn — oo, which is more general.
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NOTES:

* The image of a compact set is compact, in other words, If f is continuous and X is compact then
f(X) is compact, but for example let /(x) = arctan(x),/ : R — (=%, 5),R is a complete space
while (-7, 21) is not complete because open interval is not complete.

* The image of a complete space is not necessarily complete.

* Every space can be completed.

CANTOR

A metric space is (X,d) is coomplete every Cauchy sequence is complete if and only if for every se-
quence of non-empty closed sets C; € X such that lim,_,., dZam(C,) = 0 and V,enCry1 C C,. The
intersection ();"; C, is non-empty. Decreasing.

=

Suppose (X,d) is complete. Let x; € C;, x2 € Ca, ..., X, € Cy.

We will show that {x,} is a Cauchy sequence, i.e., V0 IN Vs N d (x4, x5) <€ (D).

Let ¢ > 0 from lim,,_,o, dZam(C,) = 0, then N is such that V,,> y d7am(C,) < €

= V,snd(x,,xN) < € as (1), because V,>nx, € C, C Cy, because (X,d) is complete there is
x € X such that x,, — x.

We need to prove that x € (", C,.

For every m we have V,,-,,x, € C,, so x is the limit of the sequence {xn};"zm , of elements of C,,.

+

Since C,, is closed and x,, - x wegetx € C,, = «x € ﬂ:’zl Cy.

We can prove also that ()" | C, = {x}, because if there is y # x, y € ;. C, we have 0 < d(x, y),

so we can take C,, such that C,, < d(z’y ). Then x, y € Cy, 50 d(x, y) < d(é’y ) which is impossible for
0<d(x,y).
—

Let {x,} be a Cauchy sequence. We will show that J,.cxx, — x.
C1 = {x1, %2, ...}
C, = {xn: xn+1}

We will show that d7am(C,) — 0

Lete > 0, ANYnmsN d(xn, Xm) < €. diam(Cns1) = diam({xn+1, *N+2, -..}) = diam({xn+1, XN42, ... }) =
Supa,be{xN+1,xN+2,...}(d(d’ b) < 6).Cn+1 Cc C, = diam(Cu1) < diam(C,) .

Vusndiam(C,) <€, fore>0 = x€C, = x¢€ {2y X1y - }-Ves0, 3., where

n>m,d(x,x,) <e (2).

Let ¢ > 0, N such that diam(C,) < § and from 2) = 3, ar>n d(x, x01) < §.

ON TOPOLOGY 23



Sets

But then V> Nd (%, X) < d(xn, Xp1) + d(xp1, %) < §+5 < €50%, > x.

Q.E.D.

THEOREM:

A metric space is compact <= for every family of closed sets {C,,} such that every finite subfamily

Cuy> Chys -..» Cyy, has non-empty intersection, we have (7, = ¢ can be more than one point.

EXAMPLE:

Let C; = [0, 1]

Ci>C=1[0,3]U[31]

Ci2C2C=[031V[5351VI551VI5T ()

Ci D C; D C3 D ... whichis closed. C =z = 1°°C,, being an intersection = it is closed.

Constructing numbers from 0,1:

—tt—
< A

XZZ.% +2.% +o, X =20 b, 3> bn € {0,1,2}. Rafering to (*):

In the compact set we have x = 3>, bys swbutb, € {0,2} and 1 is removed because we remove the

mid intervals. We can get ), a,,.zin from it, but it is difficult in series language.

= [ : cantor set — [0, 1]

flx)=2", 2,1 2 where x = 37 bn.3in.

LEMMA:

A cantor set C is a nowhere dense set. Int(C) = ¢.

X =20 by, by €{0,2}, x—MmLlellé

3l € B(x,¢), b; € {0,2}.
Consider: y = ZN b; 311 +1.3 —— for elements from cantor set there is a neighbourhood ¢ C so the
cantor set has holes inside it.

Notes:

y € B(x,€), in particular V.- HN Z by

¢ Intervals are like induction, and the question is is there something left?
* Hilbert space: < x,y > } x;y;has a geometry while metric space does not. projecting some

elements.
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Topology

Before getting into this chapter it is worth mentioning that in metric spaces we follow such steps, at

least in a general sense:

* Distance function, e.g., d : X — [0, +0c0)

Checking the conditions for the distance function.

* Constructing a ball, e.g., B(x,7) ={y € X : d(y,x) < r}
* UcXisopen & V.cy 3,~0B(x,r) C U. continuity.
* Compactness.

* By a metric we can precede to the completeness.

In topology; however, we start straight by constructing the ball which makes it easier.

3.1
TOPOLOGICAL SPACES

DEFINITION:

A topology on X is a collection of sets open sets g, family, such that:

e XeTgJ
* VuregUNV eg
* Y(u},.s suchthatV, c 5, we have | J,cs U € T

Note: 7 is a family of open sets U.
3.2

BASE OF TOPOLOGY

A base of topology is a gamily B of sets {U,} e such that every set in J is a union of some sets
from 8.
For example: Family of all open balls in metric space is a ball of that metric space.

DEFINITION:

A topological space is called First Countable if it has a countable base, e.g., rational numbers, but not

real numbers.
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A topological space is called Second Countable if every point has a countable base of neighbourhoods.

3.3
COUNTABLITY:

N & Q is countable; 1.e.,it can be passed like a sequence. But R is not countable.

DEFINTION:

A base of neighbourhoods of x is a family 8, of open sets such that:

e xelU,VU € 8B,

* Veeweg duyes, Uy C W, small enough to be inside.

DEFINITION:

A topological space is called Separable if it has a countable dense set.

THEOREM:

A metric space is firs countable <= it is separable.

3.4
BAIRE CATEGORY

LEMMA 1:

Let D -dense D = xin X and U € X - open. Then U = U N D.

Proof.

We need to prove that U ¢ U N D.

Let x € U. Then V-0 Fyevd(ye,x) <e (1)

But D is dense in X. D = X so Vyex Ves0Teen d(y,2) <€ (2)

We need to prove that for x € U we have Ves0Jwewnp) d(x, w) < e.

From (1) we have y,. € U such that d( ye, x) < 5. But since y. € U and U is open, there is 7 > 0 such
that B(y., 7) C U. We can assume that 7, < 5.

On the other hand, from (2) there is z € D such that d(z, y.) < - So let w = z and then:

d(w,x) < d(x, ye) +d(ye,w) < §+¢ <e.
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LEMMA 2:

If A is nowhere dense then x \ A is dense in X.

Proof.

X=X\4d &= ¢=X\(X\4) &= ¢Int(X\X\A) = Int(A). Recall: X\ E = Int(X \ E).

BAIRE CATEGORY THEOREM:

If (X,d) is a complete metric space and {4, },en is family of nowhere dense, then ;" | 4, # X.
To prove this theorem we will use the two lemmas that are mentioned above.

Proof.

Taking A;. Let By be a ball in X.

Since X \ 4 is dense in X, where By = By N (X \ 4) = By \ 4.

By \ Ais nonempty, ball is always not empty and so is the closure. because it is an open set.
There is an open ball B such that B_1 C Bo\ 1_4, is there smaller B?

By \ Ay is open so there is a ball B(x,7) C By \ A, take E(x, 5) C B(x,7),

and B(x,7) = {y € X : d(y,x) < R}, distance and balls are continuous.

B(x,R)={ye X :d(x,y) <R}

f 1 X — R f(z) =d(z,x), f is continuous.

We can assume that d7am(B;) < 1 we can always shrink it.

diamB(x,r) < 2r take x1,x2 € B(x, 7). d(x1,x2) < d(x1,x) + d(x, %) < 7 +7r=2r.
Take B constructed as above, since X \ A is dense in X.

By =B\ 4, ... we get balls B; such that diamB; C B;_; \ A;.

Family {B,} of closed sets of descending diameters is non-empty intersection, because X is complete
%0 € Moy B;.

%0 € Nigy (B,-_l \ A_Z) C BonNx, (X \ A_l) intersection of complements

=ByNn (X \ U, A; non-empty.

So for every ball By in X Bo 0 (X \ U, Z;) # ¢.

So, X \ UR, A; is dense in X.
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I Topology

3.5

CONNECTEDNESS

LEMMA:

A space is connected if it is not a union of the disjoints open sets.
Equivalently: x cannot be presented as x € F/{ U /s where F{, F are closed and disjoints.

Equivalently: x cannot be presented as x = 4| U A, where 4, A, are seperated sets, i.e.,
A1ﬂ14_2=¢=14_1ﬁ142.
Equivalently: Every continuous function from x tp {0,1} with discrete metric is constant.

LEMMA:

A path in X from x to y is continuous function. from R with its usual metric.

LEMMA:

y : [0,1] — X suhc that ¥(0) = x and y(1) = «.

So a space is pathe connected if for every two points X, y there is a path from x to y.
THEOREM:

If x is path connected then it is connected.
If {C;};es is a family of connected sets, and (CSO, CS) are not separated for all s € S, then | J,cg Cs is

connected. The proof is very technical and not needed for further topics.

THEOREM:

If f : x — yis continuous and x is connected then f(x) is connected.

Note: There is a connected space that is not path connected.

E.g., X = {Graph of sin%} U {{0} x [-1.1]} z7zR? and notice that the graph changes fast, e.g.,
20007 , 2000 + 27, and the graph is decomposed but not separate.
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Connectedness 3.5

DEFINTION:

Letf,g:[0,1] = X

f(0) = x =g(0)

f(1) =y =g(1)

Homotopy between f and g is a function map H : [0,1] 2 ¢#x [0,1] 55 — X.
H(t,5) € X suchthat V, H(¢,0) = Hy(z) = f(¢),and H(¢,1) = H(¢) = g(¢).

NOTES:

* Every metric space is second countable, then 8, = {B(x, %), n € N}

* A neighbourhood of x is any open set contains X.

xeUnvV

Topological Base = { YW cUNV

« yeInt(C) & 3F=0B(y,7r) cC
c Int(C)=¢ = V_z2¢Int(C) &= _5V»0B(z,r)¢C
= ,sYr03,cWE C\ B(z,7) = Jpexw € (X \ 5) () B(z, ) which both are open.
* Topology is about neighbourhoods.
 Cantor set is nowhere dense, but the question is how many neighbors do we need.
cUNDcU < UnDcU
« Aset A4 C X is nowhere dense if [nt(A4) = ¢
 Ball is always not empty and so is the closure.
* Distance and balls are continuous.
» Category is first countable and everything else is second countable.
* Aloop is a path from x to x.
* Loop; ~ Loop, <= there is a homotopy between them.
* A loop is contractable of if it is homotopic to a constant loop, e.g., f(t) = x.
* Loops has properties like notation for directions by +, -, and decomposition.

* Currently most of mathematicians work is concentrated about Algebraic Topology.
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IV

Exercises

Everywhere below (X,d) is a metric space. The following definitions were given in the previous

chapters.

Let A c X. We define the diameter of the set A by the formula:
diam(A) = supx’yeAd(x, ).

If diam(A) is finite, we say that the set A is bounded.

For all x € X we define the distance of x from the set A by the formula:

dist(x, A) = infyeqd(x, y).

Let (X,d) be a metric space and let (x,,) be a sequence of elements (points) of X. We say that (x,,) is

convergent to a point x € X if lim,,_,c, d(x,, x) = 0. We write then x,, — x.

Let (X,d) be a metric space and let 7 ¢ X. We say that the set F is closed if X \ F is an open
set. The following statement was proved in the previous chapters: F is closed if and only if for all
sequences ., of points of the set F such that x,, — x for some x € X, we have x € F. In other words:

the set F is closed if and only if every convergent sequence of points of F is convergent to a point of F.

Let A ¢ X. We say that xy € X is a cluster point of A if there exists a sequence x, such that

(x,) C A, Vyenx, # x9 and x,, — x. We denote by A? the set of all cluster points of A.
For a set 4 C X we define its closure A by the formula 4 = 4 U A%

Let (X,d) be a metric space. A set U C X is called open, if:

VieU Erx>0 B(x,ry) cU

Let B(x,r) be an open ball and let B(x,7) be a closed ball in a metric space (X,d). Recall that
B(x,7)={y€ X :d(x,9) < R}and B(x,7) = {y € X : d(x, y) < r}.
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Exercises

Let (X,d) and (Y, p) be metric spaces. We say that a function / : X — Y is continuous at a point
xo € Xif
Ves0 3550 Vaex d(x,x0) <9 = p(f(x), [ (x0)) <e.

We say that f is continuous, if f is continuous at every point of its domain.

Recall that the “river distance function” dz on R? is given by:

0 ifx=y
dr(x, y) = _
R(x y) { |X2|+|y2|+|x1—}/1| lfxiy

forall x = (x1,x2), y = (y1, y2) € R2.

Recall that the “railway distance function” d, on R? is given by:

g 0 ifx=y
AN =\ e R e R ifay

for all x = (xl,xz),y = ()’11)’2) S Rz.

Exercise 1 Prove that d and d, are distance functions on R2.

Exercise 2 Draw on a plane R? the following open balls: B((0,0),1),B((1,2),3),B((1,2),3),B((1,2),6),
and B((1,1), %), with respect to distance functions d and d,..

Exercise 3 Let X = [0, 1] U {2} and let

|x - )’| l'f‘ny € [0) 1]

| oa ifx=2andy #2
dﬂ(x,)’)— l’fy:Zandx;&Z
0 /fx=2and y =2

Check if d, is a distance functionon X forz =1, a = % ,a= %

Exercise 4 Let (X,d) be a metric space and let Y’ c X. Let djyxy be the restriction of d to Y
XY, i.e,dyxy(x,y) =d(x,y)forallx,y e Y.

Prove that djyxy is a distance function on Y, i.e., (¥, djy«y) is a metric space.

Exercise 5 Let (X,d) be a metric space, let x € X and let r > 0. Prove that an open ball B(x,r) is an
open set.

Exercise 6 Let U and V be open sets. Prove that U U V' is open.
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Exercise 7 let X = R and let d be the natural distance on R, given by d(x, y) = |x — y|. Check if the
following sets are open in (X,d):

/. (0,1)

2. 10, 1)

3. 10, 1]
Exercise 8 Let X = [0, +c0), and let d be the distance function induced on X from the natural distance
function on R, given by d(x, y) = |x — y|. Check if the following sets are open in (X,d):

7. 10, 1)

2. 10, 1]
Exercise 9 Let (X,d) be a discrete space, i.e., X # ¢ and

=y 27

for all x, y € X. Check if the set {z} is open. Are there any subsets of X that are not open?
Exercise 10 Prove that A is bounded set if and only if there exists a ball B(x,r) such that 4 C B(x, r).
Hint: try to estimate r using diam(A).
Exercise 11 Prove that diamB(x,r) < diamB(x, r) and diamB(x, r) < 2r. Hint: consider the discrete
space where d(x,y) = 1 for x # y and d(x,y) =0 for x =y.
Exercise 12 Give an example of a set 4 ¢ X and a point x € X such that dist(x,A) < d(x,y) for all
y € A.
Exercise 13 Prove that if x € A then dist(x,A) = 0.
Exercise 14 Give an example of a set 4 C X and a point x € X such that dist(x,A) =0 and x ¢ A4.
Exercise 15 Give an example of a set 4 C X and a point x € X such that dist(x,A) = d(x,y) for:

e allyinA.

* asingle point y € A.

* exactly 3 points y € 4.
Exercise 16 Let x € X. Prove that {x} is a closed set.
Exercise 17 Prove that if {, /5 are closed sets then /4 U /5 and /4 N [ are closed.
Exercise 18 Prove that if { £} is a family of closed sets, then the intersection (), F; is a closed set.
Exercise 19 Prove that if F is a compact set, then for every x € X there exists y € F such that dist(x,F)
=d(x,y).
Exercise 20 Let 4 ¢ X and let x € X. Prove that dist(x, A) = dist(x, 4).
Exercise 21 Prove that for all 4 ¢ X we have diam(A) = diam(A).
Exercise 22 Prove that B(x, ) C B(x, ). Recall that in the discrete space we have B(x,7) # B(x,7).
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Exercises

Exercise 23 Prove that a function / : X — Y is continuous at a point xy € X if and only if for every
sequence (x,) such that x, — xo we have £ (x,) — f(x0).

Exercise 24 Let (X,d) be a metric space and let y € X. Prove that the function f,(x) = d(x, y)
is continuous. Consider f, as a function f, : X — R, where R has its natural metric p given by
p(a,b) =|a—b|forall a,b € R.

Exercise 25 Let (X,d) be a metric space and let 4 C X. Prove that the function f4(x) = dist(x, 4) is
continuous.

Exercise 25 Let X = {1,2,3} andlet d : X x X — [0,+c0) be function defined by formulas:
d(1,1) =d(2,2) =d(3,3) =0,

d(1,2) =d(2,1)=d(1,3) =d(3,1) = 1.

d(2,3) =d(3,2) =3.

Check if d is a distance function on X.

Exercise 26 Let || ||o = |/ (0)| + maxe[o,17|f (x)|. Prove that ||.||o is a norm on the space C[0, 1], i.e.,

that for every real-valued coninuous function £ : [0, 1] — R we have:

L-If o = 0.

2. Mlfllo=0 & Viepof(x) =0

3. la.fllo = lal.l|flo forallz € R

4+ gllo < I llo + [lgllo forall £, ¢ € C € [0,1]

Exercise 27 Compute diameter diam(A) of the 4-element set 4 = {(0,0), (1,1),(1,2),(2,2)} in the

metric space (R?, d), where d is defined by the formula:

Iy = el ifx1=x
d((x1, )’1): (xZ:)’Z)) = { ) — 20| + |)’l| + |}’2| l.fxl £ %

Exercise 28 Let (X,d) be a metric space and let x, y € X. Show that the set
A={zeX :d(x,2) <d(y,2)}

is open in (X,d).

Hint: Let 29 € A, then d(x, z0) < d(y,20). How small must be d(z, 29) so that d(x,z) < d(y,z)
(use triangle inequalities with z, 2o, x, y to estimate each side if this inequality)?

Exercise 29 Check if the set {p,},ecn of points p, = (%, %) is closed in the metric space (R?, dg).
where dp is the river metric.

Hint: check if (0,0) is the limit of the sequence { p,} in the metric space (R, dR).
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Exercise 30 Let d(x,y) = Ix-yl and let

ey =| 1527

Check if the function f : (R, d) — (R, dp) given by the formula

1 ifx>0
f(x)=40 ifx=0
-1 ifx <0

is continuous at points x =2 and x = 0.

Exercise 31 Recall that the space B(R) of all bounded, continuous real-valued functions on R is a
metric space with metric p(f, g) = sup,.rlf (x) — g(x)| for f, ¢ € B(R).

Find a sequence of continuous functions £, such that for all » € N we have sup,.p|f,(x)| < 1, and the
sequence {f,} has no convergent subsequence in (B(R, p).

Exercise 32 Let L be the set of all linear functions on [0,1], i.e.,
f €l = Ha,beR Vxe[O,l] f(x) =a.x+b.

Let p(f, g) = sup,¢po,17lf (¥) — g(x)|. Recall that (C[0, 1], p) is the metric space of all real-valued
continuous functions on interval [0,1], with metric space p.
/. Prove that L is not open in (C[0, 1], p), i.e., for every ¢ > 0 and every linear function
f(x) = a.x+b there exists a continuous function g which is not linear and we have p(f, ¢) < €.
2. Prove that f, € L for all » € N and there exists a continuous function f such that for all x € [0, 1]
we have f,(x) — f(x) then f is linear and p(f,, /) — 0.
Hint: coefficients #, and &, of every linear f, are determined by two values of f, at some points

of the interval [0,1].

W

Prove that L is closed n (C[0, 1], p).i.e., if f, € L for all z € N and there exists a continuous

function f sucht tha p(f,, /) — O, then f is linear.

Exercise 33 Let 4. be a metric on R? defined as follows:

d((x1, y1)5 (%2, 2)) = \/lxl —x20? + |y1 — 7212

Show that (R?, d,) is a complete metric space (you don’t need to prove that it is a metric space, prove
only that it is complete).

Hint: you may need to use completeness of real numbers with their standard metric.
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